Let q be a prime power, F q be the field of q elements, and k, m be positive integers. A bipartite graph G = G q (g, h, k, m) is defined as follows. The vertex set of G is a union of two copies P and L of two-dimensional vector spaces over F q , with two vertices (p 1 , p 2 ) ∈ P and [ l 1 , l 2 ] ∈ L being adjacent if and only if p 2 + l 2 = p k 1 l m 1 . We prove that graphs G q (k, m) and G q (k , m ) are isomorphic if and only if q = q and {gcd(k, q − 1), gcd(m, q − 1)} = {gcd(k , q − 1), gcd(m , q − 1)} as multisets. The proof is based on counting the number of complete bipartite subgraphs in the graphs.
Introduction and Results
Let q be a prime power, and let F q be the field of q elements. For a function f : F 2 q → F q , let a bipartite graph G = G q (f ) be defined as follows. The vertex set of G is a union of two copies P and L of two-dimensional vector spaces over F q . Their elements are called points and lines, respectively, and a point (p) = (p 1 , p 2 ) and a line 
Graphs G q (f ) are the simplest representatives of the general family of graphs defined by systems of equations. For the definitions of these graphs, their origins and numerous applications, see [7] and references therein. For more recent applications, see [2] - [6] , and [8] . Though most constructions in the papers mentioned above were motivated by particular applications, the study of general properties of these graphs, initiated in [7] and continued in [8] , turned out to be an exciting area of research. Understanding graphs G q (f ), which are defined by a single equation (1), is fundamental for understanding the graphs defined by systems of equations which contain equation (1) . This is due to the fact that no matter what other equations of a defining system are, there exists a covering homomorphism of the graph defined by the system on the graph G q (f ), see [7] .
In studying graphs G q (f ), one of the first questions that arises is the isomorphism question. Given q and two functions f and g, when are G q (f ) and G q (g) isomorphic? The question has already been shown to be hard for 4-cycle free graphs, since it is related to the question of isomorphism of finite projective planes, see [4] . To our knowledge, the only non-trivial case for the isomorphism problem which has been partially settled is the case when both f and g can be represented by monomials. We refer to these graphs as monomial graphs, and for f = x k y m , we denote the graph
In [8] , a necessary and sufficient condition for the isomorphism of two monomial graphs is given for sufficiently large q. In this note we strengthen that result by extending it to all prime powers q. The graph invariant used in [8] was surprisingly simple: the number of 4-cycles in the graph. The invariants we consider are its generalizations, namely the numbers of complete bipartite subgraphs with fixed partition sizes.
For a positive integers a, letā = gcd(a, q − 1) denote the greatest common divisor of a and q − 1. Our main result is the following. Let G = G q (k, m). For a fixed prime power q and fixed integers k ≥ 1 and s ≥ 2, let
By I G (s, t) we will denote the number of subgraphs of G isomorphic to the complete bipartite graph K s,t , s, t ≥ 2.
Our proof of Theorem 1.1 is based on the following theorem, which is also of independent interest. Theorem 1.2 Let q be a prime power, let k, m, s, t be positive integers, s, t ≥ 2, and let
Theorem 1.1 allows an immediate generalization to some graphs G q (f ), where f is not a monomial. Let α, β be two bijections on F q , and k, m be positive integers. A bipartite graph G q (α, β, k, m) is defined to have the same partition classes P and L as graph G q (k, m), with two vertices (p 1 , p 2 ) ∈ P and [ l 1 , l 2 ] ∈ L being adjacent if and only if
Corollary 1.3 Let k, m, k , m be positive integers, let q, q be prime powers, let α, β be two bijections on F q , and let α , β be two bijections on F q . The graphs G q (α, β, k, m) and G q (α , β , k , m ) are isomorphic if and only if q = q and {k,m} = {k ,m } as multisets. In case of isomorphism, both graphs are isomorphic to G q (k, m).
Proofs
We begin with several simple observations. Since x q = x for any x ∈ F q , then, considering G q (k, m), we can always assume 0 ≤ k, m ≤ q − 1.
(ii) Graphs G q (f ) (in particular, graphs G q (k, m)) are q-regular. Moreover, a neighbor of any vertex is uniquely determined by the neighbor's first coordinate.
(iii) Let α, β be two bijections on F q . Then graphs G q (α, β, k, m) and G q (k, m) are isomorphic.
(ii) For a fixed point (p), and for every l 1 ∈ F q , l 2 is uniquely determined from (1). Hence every neighbor [l] of (p) is uniquely determined by its first coordinate l 1 , and every point has exactly q neighbors. Similarly for the neighbors of any line. 
Proof. The first two inequalities insure that all four vertices are distinct. The adjacency condition (1) 
Equating the second coordinates of point (c), we get (a (2) 
From now on, let α = (p 11 , . . . , p s1 , l 11 , . . . , l t1 ) denote a solution of (3). Given α, there are precisely q subgraphs K ∼ = K s,t , each uniquely defined by a choice of p 12 . Let N s,t denote the number of all distinct ordered pairs ({p 11 , . . . , p s1 }, {l 11 , . . . , l t1 }) defined by all α. Since each copy of K s,t comes either with s points and t lines, or with t points and s lines, and s = t,
Next, note that each solution of (3) belongs to at least one of the following two sets:
By the inclusion-exclusion formula, we have
Let us determine |P s,t |. For each α ∈ P s,t , p i1 = 0 for all i = 1, . . . s. Then (p i1 /p 11 ) k = 1, for all i = 2, . . . s. There are exactlyk solutions of the equation x k = 1 in F q (see, for example, [1] ). Since all p i1 are distinct, then for each nonzero value of p 11 , there arek − 1 possible choices for p 21 ,k − 2 ones for p 31 , and so on. Hence we have (q − 1)(k − 1)(k − 2) . . . (k − (s − 1)) possible choices for the ordered sequence (p 11 , . . . , p s1 ) and Each α ∈ P s,t ∩ L s,t is uniquely defined by a choice of sets {p 11 , . . . , p s1 } and {l 11 , . . . , l t1 }. Therefore |P s,t ∩ L s,t | = J k,s J m,t , and
which yields the desired formula.
and the proof of the theorem is finished. If graphs G and G are isomorphic, then I G (s, t) = I G (s, t). We show that for monomial graphs the converse is true, i.e., the graph invariants I G (s, t) completely characterize the isomorphism class.
We will need the following lemma from [8] . We include its short proof here for the convenience of the reader. Since gcd(a , k ) = 1, the latter equation has a solution x 0 , and all solutions are of the form x 0 + k t, t ∈ Z. Moreover, gcd(x 0 , k ) = 1, since x 0 is a unit in Z k . Then by Dirichlet's Theorem (see [1] ), in the arithmetic progression {x 0 + k t} t∈Z + there are infinitely many primes, in particular, for some t 0 ∈ Z + , gcd(x 0 + k t 0 , k) = 1.
